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Introduction

The ambient metric construction associates to a given manifold equipped with a
conformal structure, (M, [g]), a pseudo-Riemannian manifold of two dimensions
higher equipped with a Ricci flat metric and called the ambient metric space. A
key component in the construction of the ambient metric space is the Poincaré-
Einstein metric space of one dimension higher than M, [AM].

The ambient metric (or, equivalently the Poincaré-Einstein metric) is deter-
mined by a non-linear boundary valued problem for a representative metric in the
conformal class [g], thereby its coefficients are rather complicated, and in general
not known, functions of metric invariants associated to a representative of [g].
Thus, it is desirable, to have yet another intrinsic and independent characteri-
zation of the ambient metric. We initiate one possible direction to potentially
gain such a characterization, namely we apply the Ricci flow procedure to a given
ambient (or, equivalently the Poincaré-Einstein) metric. In the light of the fact
that the ambient metric is Ricci flat (or, Einstein) and hence related to specific
behavior of the Ricci flow, this might result in remarkable conclusions.

The aim of the present thesis is to establish basic results about the Ricci flow
on manifolds with emphasis on the ambient metric and the Poincaré-Einstein
metric. The Ricci flow on a Riemannain manifold is a geometrical flow that
deforms the metric on the Riemannian manifold with respect to negative of the
Ricci curvature of the manifold.

The ambient metric is a pseudo-Riemannian metric on a product of the initial
conformal Riemannian manifold (M, [g]), R and R,, and it is constructed such
that it is Ricci flat (up to some order, respectively, depending on the parity of
the dimension). The Poincaré-Einstein metric can then be constructed out of the
ambient metric. Alternatively, the Poincaré-Einstein metric may be constructed
as a metric that is Einstein with Einstein constant equal to minus the dimension
of the initial manifold. The Ricci flow problem combines both notions together.
We ask for a metric that flows, in the normalized time ¢ = 1 for the Ricci flow,
to the Poincaré-Einstein metric of the initial conformal Riemannian manifold
(M,[g]). We note that the same reasoning works with the pseudo-Riemannian
manifolds as well, however we shall work only with Riemannian manifolds.

Because we will work in the setting of Riemannian manifolds, we need a back-
ground in the Riemannian geometry as in [RE] and |CL]. Secondly, since the
statement of the problem revolves around solutions of partial differential equa-
tions, we will need some theory for partial differential equations. In particular, we
will need theory of parabolic partial differential equations and follow [EV]. In es-
tablishing the ambient metric and the Poincaré-Einstein metric, we follow [AM].
We carry over some results of [RE] in formulating the existence and uniqueness
statements for the Ricci low on manifolds.

Let us briefly comment on the structure of our thesis. The first chapter estab-
lishes basic definitions in Riemannian geometry and some formulas for calculating
Riemann curvature. It consists of a compilation of definitions from [RF] and [CL].
The second chapter aims to provide definitions and basic properties of the ambient
metric and the Poincaré-Einstein metric for a conformal Riemannian manifold,
and also their relationship. The chapter consists of a compilation of results from



[AM|. In the third chapter we discuss the linear parabolic partial differential
equations, their generalization to quasilinear equations in the non-linear setting.
Moreover, we discuss a generalization of partial differential equations to manifold
and provide an existence statement for this class of partial differential equations.
This chapter follows [RF], ”Comments on existence theory for parabolic PDE”.
The next chapter establishes the Ricci flow on a Riemannian manifold. Although
the Ricci flow equation is not parabolic, we use a workaround called ”deTurck
trick” to prove the existence of its solutions using theory of parabolic partial
differential equations. We also prove a uniqueness statement for the Ricci flow
and finish this chapter by demonstrating simple examples of the Ricci flow on
manifolds. In this chapter we follow again [RF], ”Existence theory for the Ricci
flow”. The last, fifth chapter, deals with the Ricci flow problem and we provide
a theoretical solution of the problem. We follow by showing two approaches that
finish with an explicit unique solution in the case when the initial manifold is eu-
clidean space. We also provide the system of partial differential equations needed
to be solved to find a general solution in the curved case. Secondly, we pro-
vide a simplified system of partial differential equations obtained by simplifying
assumptions on the flow metrics.

To summarize, the main contribution of this thesis is an attempt to find a
solution to the Ricci flow problem for ambient (or, the Poincaré-Einstein) metrics
in general, and simplifying the associated system of equations by imposing some
conditions on the solution. Secondly, there is an explicit solution of the Ricci flow
problem for the euclidean case.



1. Background in Riemannian
geometry

Definition 1. We say that a map v : U — R", where U is a subset of R", is a
diffemorphism if 1 is injective and both v and ¥~ are smooth.

A basic building concept in geometry is that of a manifold.

Definition 2. Let M be a set. A (n-dimensional) chart on M is a pair (U, ),
where U C M s an open subset and p : U — R™ is a homeomorphism onto an
open subset in R™.

For (Uy,¢1), (Us, p3) two n-dimensional charts on M, the mapping o1 o @5
defined on po(Uy N Us) is called the transition function associated to these two
maps. When U; NUy = 0, we regard the transition function to be trivial mapping
satisfying all conditions of compatibility defined later on.

Two n-dimensional charts (Uy, 1), (Us,@2) are compatible if ¢©1(U; N Us)
and po(Uy NUy) are open and the transition function defined between them is a
diffeomorphism.

An atlas on M is given by a set of n-dimensional charts {(Uy, ©u)}aca such
that every two maps in the atlas are compatible and Uye U, = M.

On the other hand, given an atlas consisting of n-dimensional charts on a set
M, we induce a topology on M in the following way: a set X C M 1is open if and
only if for every charts (U, @) from the atlas the set p(X NU) is an open subset
of R™.

A manifold of dimension n is a set M equipped with an atlas {(Un, ©a)}aca
consisting of n-dimensional charts, such that with respect to the topology on M
induced by the atlas the topological space M is Hausdorff and second-countable.

A (n-dimensional) chart (U, p) is compatible with an atlas {(Uy, pa)taca if
{(Un, 0a) Yaca U (U, ) is an atlas on M.

A differential structure is defined as an atlas that is maximal with respect
to inclusions of n-dimensional charts. A submanifold X of the manifold M is
defined as a subset X C M, equipped with the structure of a manifold such that
the induced topology is the same as the topology given by the restriction from M
to X of the topology induced by the manifold structure on M.

Any manifold can always be equipped with a differentiable structure, because
we can complete an atlas to a differentiable structure.

Definition 3. We say that two (n-dimensional) charts (Uy, 1), (Ua, @2) com-
patibly oriented provided that the determinant of the Jacobi matrix of associated
transition function is positive on po(UyNUsy). A manifold M is orientable if there
exists an atlas such that every two maps of the atlas are compatibly oriented.

Next, we provide a definition of manifold with boundary.

Definition 4. The half-space H™ is defined as H" = {(x1,z2, ..., x,) € Rz <
0}. The boundary of H" is given by OH™ = {(x1, 22, ...,z,) € R"|zy = 0}, and
its topology s given by restriction of the standard topology on R™.



A function f defined on a subset X of H™ is smooth if there exists an open
neighborhood X C U C R™ and a smooth function f defined on U such that
f|X = f. The mapping f : X — R™ is smooth if all of its components are smooth
functions. The derivatives of f at a point in H™ are defined as the derivatives of
the extension f We note that this extension is depends only on values of f on
H™, so the derivatives are independent of the choice of extension f.

For Uy, Uy C H™ open subsets, we define a diffeomorphism ¢ : Uy — Uy as
an injective mapping of Uy onto U, for which both 1 and 1~ are smooth. For a
set M, an n-dimensional chart on M is a pair (U, ), where U is a subset of M
and ¢ : U — H" is an injective mapping onto an open set in H™. The transition
function between two n-dimensional charts is defined in the same way as before.
Two n-dimensional charts (U1, 1), (Us,p2) are compatible if p1(U; N Us) and
w2(Uy NUs) are open in H™ and the transition function defined between them is
a diffeomorphism.

The definition of atlas is again the same as above. The topology is defined
with respect to H™ in the following way: a set X C M 1is open if and only if for
every chart (U, ) from the atlas the set p(X NU) is an open subset of H™.

A manifold of dimension n with boundary is now defined in the same way as
above, replacing the definitions by generalized version allowing boundary. A point
m € M is a boundary point if there exists a chart (U, p) in the atlas such that
w(m) € OH™. We call the set of all boundary points of M as the boundary of M
and denote it by OM .

We remark that the definiton of a boundary for manifold is independent of a
chart.

Definition 5. Let M, M’ be two manifolds of dimension n and n’' and let f :
M — M’ be a mapping. We will say that the mapping f is smooth if for every
map (U, p) from the atlas of M and for every map (U’,¢’) from the atlas of
M' the mapping ¢’ o fo ot : U N fH(U)) — R is smooth. A function
f: M — R is smooth if f is a smooth mapping between manifolds M and R. A
mapping 1V : M — M' is a diffeomorphism if 1 is bijective and both 1) and ="' are
smooth. Two manifolds M, M’ are diffeomorphic if there exists a diffeomorphism
between M and M'.

Definition 6. A Lie group is a group G on which there is given structure of
a manifold such that the operations of the group multiplication and the group
wverse are smooth. where the multiplication is viewed as a smooth mapping from

the product manifold of G x G to G.

Definition 7. Let M be a manifold of dimensionn, m € M and ¢ : (—e, ) = M
a smooth mapping for some € > 0 satisfying ¢(0) = m. Let C*°(M) denote smooth
functions on M. We say that a linear mapping L : C*°(M) — R is a tangent
vector to the mapping ¢ at the point m if L(f) = (f o ¢)'(0) for every function
f € C®(M). We define the tangent space T,,M of M in m as the set of all
tangent vectors to all mappings c satisfying the previous definition on M. The
tangent bundle T'M of M is defined as UpenT M. The manifold M is equipped
with an atlas consisting of charts p : U — R™. We define the atlas on TM as
consisting of charts ¢ : 7= (U) — R*™ defined as ¢(x,v'0;) = (p(x), v, ... 0").



Definition 8. A wvector field X on M is a smooth mapping X : M — T M such
that m o X = 1d on M, where 7 is the projection m : TM — M defined by
w(L) =m for L € T,,M. We will denote the space of all smooth vector fields on
M by X(M).

Definition 9. Let M be a manifold and X,Y be two vector fields on M. Then
their Lie bracket is a vector field, whose value on a smooth function f € C*(M)
is defined as [X,Y](f) = (X o Y)(f) = (Y o X)(f).

Definition 10. The cotangent space of M at the point m s defined as the dual
Tx M to the space T,, M. The cotangent bundle of M is UpepnT),.

Definition 11. Let M, M’ be manifolds of dimensions n and n’, respectively,
m € M and f : M — M' a mapping of manifolds, L € T,,M. The push-
forward (or differential) of f at L, f.(m) : T,,M — TyumyM', is defined as
[f(m)(L))(g) = L(g o f), where g € C*(M'). Let a € T}, M'. The pull-back of
[ at o is defined as f*(m) : Tj, M — Ty M, [f*(m)()](L) = a[f.(m)(L)].

Definition 12. Let M be a manifold of dimension n. A smooth (k,1)-tensor field
T on M is mapping that assigns tom € M a tensor T'(m) € T, M ®@---QT,,M ®
T"M®---QTxM. There are k factors of T,,M and l factors of T;; M such that
for every chart (U, ) from the atlas of M are all components smooth.

Definition 13. Let M be a manifold of dimension n. A (0, k)-tensor field T is
a differential form of degree k if T(m) € A*(T* M) for all m € M, which means
that for every permutation m € Sy the following holds:

T(m)(Va(1)s Vr(2), - - - » Un(r)) = Sign(m)T(m) (v, v, . .., Vk), (1.1)

where v1,vy, ..., v € T, M. We denote the space of differential forms of degree
k on M by E¥(M), and the space of all differential forms on M by E(M) =
D, EF(M). We will say shortly differential k-form for a differential form of
degree k.

Definition 14. Let « be a differential k-form and 8 be a differential [-form. The
exterior product a A B is defined as

[ A B)(v1,v2, ... Ugg) =
1 .
P T Z sign(T) (Ve (1), Vr(2)s - - - V() B(Vn(kt1)s Vn(kt2)s - - > Un(iotr))- (1.2)

TFGSk+l

Definition 15. The exterior deriwative d on M 1is defined as the unique linear
differential operator d : EX(M) — EFY(M) for k =0,1,...,n, satisfying

(1) For f € E°(M), the exterior derivative df is defined as the differential of f,
(2) d*> =0,

(3) Forw € E¥(M) and p € EY(M), the exterior derivative of the exterior product
1s given by the graded Leibnitz rule

d(w A p) = (dw) A p+ (—1)Fw A (dp). (1.3)



Definition 16. Let k > 0 and X, X1, Xo,..., X1 € X(M). Then we define a
contraction by vector field X for w € E¥(M) as a linear mapping vx : E¥(M) —
EFYM) by (xw) (X1, Xoy .o, Xp1) = w(X, X1, Xo, ..., Xp_1). The Lie deriva-
tive Lx is the operator Lx =doitx +tx od.

Definition 17. Let M, N be smooth manifolds and f : M — N be a smooth
mapping of manifolds. We say that f is a submersion at m € M if f.(p) :
T M — Ty N is surjective. We say that f is a submersion if it is a submersion
at each m € M.

Definition 18. Let E, N be smooth manifolds and let m : E — N be a smooth
surjective mapping of manifolds. We say that a pair (E, ) is a fibered manifold
over N if m is surjective and it is a submersion. We define a morphism of fibered
manifolds (E,m), (E',7'") as a pair (f, fo), where f : E — E', fo : N — N’ are
smooth mappings of manifolds and for every point y € E holds

o f(y) = foom(y). (1.4)

A morphism of fibered manifolds (f, fo) is an isomorphism if there exists another
morphism of fibered manifolds (g, go) from (E',m) to (E,7) such that fog = id
and g o f =id inducing foo gy = id and gg o fo = id.

We remark that a product of manifolds is an example of a fibered manifold.

Definition 19. A structure (E, N, w, F) is a fibered bundle provided E and N are
smooth manifolds, m : E— N is a smooth mapping of manifolds and E is a fibered
manifold over N equipped with a local trivialization, by which we mean that for
every point x € N there exists a neighborhood x € U C N and an isomorphism
of fibered manifolds ¢ : 7= (U) — U x F such that for every point y € 7= *(U)
holds

m(y) = m oY (y), (1.5)

where m : U X F' — U denotes projection on the first factor.

Definition 20. Let (E, N, 7w, F) be a fibered bundle. A section of the bundle on
an open set U C N 1is defined as a smooth mapping X : U — 7 Y(U) such that
moX =1id. We denote the space of all sections of a bundle on an open set U C N
as (V).

Definition 21. Let (E,N,n, F) be a fibered bundle and ey, ...,e, € I'(E). A
coordinate frame {ey,...,e,} is defined as a basis for the space I'(E).

Definition 22. A structure (E, N, m, F') is a principal fibered bundle with struc-
ture group G provided (E, N, m, F) is a fibered bundle equipped with a Lie group
G together with smooth right action of G on E, satisfying that the action is free,
transitive and preserves fibers, which means that if v € P, then xg € P, for some
y € N and Vg € G.

Definition [22| implies that F' is diffeomorphic to G and N is diffeomorphic to
E/G.



Definition 23. A structure (E, N,w, F) is a fibered vector bundle with fiber F
provided (E, N, 7, F) is a fibered bundle, F' is a finite-dimensional real vector
space satisfying the following conditions: Yx € N E, has the structure of a finite-
dimensional vector space and there exists an atlas {Uy, 9o taca on E such that
Vo 1S @ linear isomorphism in the second variable.

Definition [23| implies that F, ~ F for each x € N. For simplicity of notation
we will refer to fibered principal bundles and fibered vector bundles as principal
bundles and vector bundles.

Definition 24. We define the rank of a vector bundle (E, N, 7, F) as the dimen-
sion of F'. Vector bundles of rank 1 are called line bundles.

Definition 25. Let (E, N, 7w, F') be a fibered bundle, M a manifold and f : M —
N a smooth mapping between manifolds. We then define the pullback bundle
(E'M,n",F) by E' = {(m,h)|f(m) =n(h),me M,he E} C M x E.

Definition 26. Let (E,N,n, F) be a principal bundle with structure group G
and V' be a representation of G equipped with left action of G. The associated
vector bundle (E', N, 7', V') is defined as follows: we define right action of G on
E xV by (h,v)g = (hg,g7' -v) for h € E, v € V and g € G, then we define
E =(ExV)/G={(hg,g7' - v)le€e E,veV,ge G}.

Definition 27. Let M be a manifold of dimension n and let g be a symmetric non-
degenerate (0,2)-tensor field on M of signature (p,q), where p+ q =n. We say
that g is a pseudo-Riemannian metric on M and (M, g) is a pseudo-Riemannian
manifold. A Lorentz metric g on M is a pseudo-Riemannian metric on M of
signature (p,1). A Riemannian metric g is defined as a pseudo-Riemannian met-
ric on M satisfying the additional requirement that it is positive definite and a
Riemannian manifold is then defined as a pair (M, g) consisting of a manifold M
and a Riemannian metric g.

In the following we state several definitions and theorems for Riemannian
manifolds, noting that these hold in the case when the manifold M is pseudo-
Riemannian.

Definition 28. An affine connection V on M is a bilinear mapping V : X(M) x
X(M) — X(M), which assigns to two vector fields X,Y a vector field denoted by
VxY satisfying

(1) VixY = fVxY,

(2) Vi fY = (d)(X)Y + 5,

for all f € C®(M).

Definition 29. Let (M, g) be a Riemannian manifold equipped with a connection
V, let a be a differential 1-form on M and X,Y wvector fields on M. We define
covariant differentiation as

[Vxa](Y) = X(a(Y)) — a[VxY). (L6)

Definition 30. Let (M, g) be a Riemannian manifold. The Levi-Civita connec-
tion V is the unique affine connection on M satisfying:

(1) Vg =0,

(2) V is torsion free, which means that VxY —Vy X = [X,Y] for all X,Y vector
fields on M.



Definition 31. Let (M, g) be a Riemannian manifold and V its Levi-Civita con-
nection. Let XY, Z, W be vector fields on M. Then we define the Riemannian
curvature tensor as

R(X,) Y)W = VxVyW = VyVxW — Vix W, (1.7)
the curvature function
R,.(X,Y, Z, W) =g(R(X, Y)W, Z), (1.8)
the Ricci curvature
Ric(X,Y) =tr R,(X,—,Y,—) (1.9)
and the scalar curvature by
R = tr Ric(—,—). (1.10)

When we talk about the Ricci curvature with respect to different metrics g., we
denote particular Ricci curvature with respect to the metric g as Ric(g). We shall

also write Riju = Ry (E;, Ej, By, E}), where E; = %. The same notation will be

used for the Ricci curvature Ric;j = Ric(E;, Ej).
Definition 32. A Riemannian manifold (M, g) is Einstein with Einstein constant
J if

Ric=Jg, (1.11)

where Ric is the Ricci curvature of (M,g). We say that (M, g) is Ricci-flat if it
1s Finstein with Einstein constant J = 0.

Definition 33. The Christoffel symbols on a Riemannian manifold (M,g) of
dimension n (also called the Levi-Civita connection coefficients) are smooth func-
tions Ffj such that

Ve E; =T5E, 1<i,jk<n, (1.12)
where E; = 8%1- are coordinate vector fields.

The Christoffel symbols for the Levi-Civita connection may be calculated as

1 OGmi  O9m;  0gij
rk — = km mi mj ij
K (8xj + ox; 8xm)’

1.13
59 (1.13)
where ¢*™ denotes the inverse of the metric gi,,, and the Riemannian curvature
tensor of the Levi-Civita connection may be calculated as

1, gy *gjk *gik %91

Riju = = - - p(TT2, — TP,
gkl 2(0xj8xk + O0x;0x;  Ox;01y 3@-5%) + gmp (T Ty L)

(1.14)

In the case when the Riemannian manifold is also a Lie group and the vector
fields E; form a basis of the Lie algebra of the Lie group, the Christoffel symbols
may be calculated as

ri; = %9""”(9([& Ej), En) — 9(IEi, Enl, E;) — g([Ej, En), E2)). (1.15)



Definition 34. The divergence operator for T € T(Sym?T*M) is defined as
(T) = —trioVT, where trio means to take the trace in the first and the second
entry of VT. The gravitation tensor is defined as G(T) =T — %(trT)g, and its
divergence is giwen by 6G(T) = 6T + 1d(trT).

Theorem 1. Let (M,g) be a Riemannian manifold equipped with a family of
metrics g(t) parametrized by t € R, , where ()= = g and let T € T'(Sym?*T*M)
independent of t and X € X(M). We set h = 8%—(;). Then the following holds:

(%5G(h))x — T(SG(R)*, X) + (b, VT(—, —, X) — %VXT). (1.16)

We refer to [RE] for the proof of the theorem.

Definition 35. For X,Y € X(M) and w a differential 1-form, the musical iso-
morphisms b, & between TM and T*M are defined as

X°(Y) = g(X,Y), (1.17)
and W is defined as the vector field such that
w(Y) = g(uW*,Y). (1.18)

Definition 36. Let (M, g) be a Riemannian manifold of dimensionn. A geodesic
on M is defined as a smooth curve ¢ : [a,b] — M, in local coordinates (x1,xa, ..., x,),
satisfying the differential equation

d>ck . dctdd? o

Definition 37. Let (M, g) be an oriented Riemannian manifold of dimension n.
The volume form w is defined in local coordinates (x1,xs,...,x,) on U C M as
w = +/| det g|dzt Ndx? A --- Adx™, where dzt,dx?, ... dz" are differential forms
of degree 1 that form a basis for T*M restricted to U. The Riemannian volume
of M is defined as

V= /w. (1.20)

M

Definition 38. Let (M, g) be a Riemannian manifold, X,Y wvector fields on M
and h a tensor field of type (0,2). The Lichnerowicz Laplacian is defined as
[ALh](X,Y) = (A)(X,Y) = h(X, Rice(Y')) — (Y, Ric(X))
+2tr h(R(X,—)Y, —). (1.21)
Definition 39. Let (M, g) be a Riemannian manifold of dimension n. The tensor

P;; is defined as

1 . R

- mgij)a (1.22)

where R denotes the scalar curvature of (M, g) and Ric;; denotes components of
the Ricci curvature of (M, g).
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The Weyl tensor is defined as

1 . ) ) .
Wijkl = Rijkl - m(RZCikgjl - RZCilgjk + RZlegik - Rlcjkgu)

+ (n 15?71 Py (9irgj1 — 9agjk)- (1.23)
The Cotton tensor is defined as
Cijk = Pijx — Pirj, (1.24)
where by notation P, we mean %Pij.
The Bach tensor is defined as
Bij = Cij]@k — P*"Wan, (1.25)

; k km
where by notation Cy;,." we mean g™ Cijk m.

Definition 40. Let (M,g) be a Riemannian manifold and let X,Y be vector
fields on M. Let V denote the Levi-Civita connection on M. We define the
second covariant derivative as

Viy = VxVy — Vo,v. (1.26)

We define the connection Laplacian A as taking trace in the first and second
entries of the second covariant derivative.

Definition 41. A quasilinear differential operator is a differential operator that
1s linear in the highest order derivative.

11



2. Ambient and
Poincaré-Einstein metric

In this chapter, we give a brief introduction to the construction of the ambient
and the Poincaré-Einstein metrics. Later on, the Poincaré-Einstein metric will
be used to formulate the Ricci flow problem. Here we follow the exposition [AM],
chapters 1 — 4.

We shall start with a conformal Riemannian manifold of dimension n, and
construct certain (n + 2)-dimensional pseudo-Riemannian manifold called the
ambient space of M. This space is equipped with a Lorentz metric called ambient
metric g, and it allows to construct conformal invariants associated with the
conformal manifold. The ambient metric is homogeneous with respect to a family
of dilations on the (n + 2)-dimensional space. The quotient by the action of
dilations yields a (n + 1)-dimensional metric called Poincaré-Einstein metric g, .

This construction is motivated by the construction of the ambient space for
the flat model of conformal geometry on S™. We set

n+1

Q(z) = —daj + ) daf, (2.1)

k=1

the standard quadratic form of Lorentz signature on R**%! for xy > 0, and
N = {z e R"""Hz #0,Q(x) = 0}, (2.2)

the null cone of (). We may identify S™ with the space of lines in A/, given by the
projectivization 7w : N'— S™. The ambient metric g for S™ is given by restricting
@ to a neighborhood of A" C R**!. In particular, § annihilates the radial vector
field

n+1
X =) w0 € TN (2.3)

k=0

and g is non-degenerate on T, N'/(X) ~ Ty(,)S™. Various choices of = on a line in
N result in conformally equivalent inner products on Ty (;)S™. The Lorentz group
O(n +1,1,R) acts linearly on R"*1! by isometries of g, preserving the subspace
N and realizes the group of conformal isometries of S™. Restricting the quadratic
form @ to a hyperboloid H rather than to the null cone N,

H = {r e R""|Q(z) = —1}, (2.4)

results in the Poincaré-Einstein metric g, for S™. The Poincaré-Einstein metric
is the hyperbolic metric of constant sectional curvature —1. If we identify the
one sheet hyperboloid H with the unit ball in R"*! we may write the Poincaré-
Einstein metric as

n+1

gr = 40— o) dsk. (25)
k=1
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In the induced action, the Lorentz group O(n+ 1,1, R) acts linearly by isometries
of g., preserving H, hereby realizing the isometry group of the hyperbolic space.

In this section let M denote a Riemannian manifold of dimension n > 2
equipped with a conformal class of metrics [g] represented by a metric g. The
conformal class [g] is given by all metrics § satisfying § = e/g for some smooth
function f € C*(M).

Definition 42. We define the metric bundle (G, M, m,R}) as the space of all
pairs (h,x), where x € M and h is a bilinear symmetric form on T,(M), that
satisfies the homogenity condition h = sg, for some s > 0, where g, is the
bilinear symmetric form induced on T, M by the metric g. Dilations 6, : G — G
of the metric bundle are defined as §,(h,z) = (s*h,z). We note that the space
G together with the projection ™ and dilations s is a Ry -bundle. We define the
vector field T = d%|5:155, which is the infinitesimal generator of the dilations
0s. The data given by dilations on the metric bundle are equivalent to giving a
symmetric 2-tensor go defined by go(X,Y) = h(m. X, 7.Y), where X,Y € T(} )G
and m, : TG — TM 1s the differential of . The tensor go satisfies a homogenity
condition with respect to the dilations, particularly 5%gy = s*go, where 07 is the
pull-back of ds.

The metric bundle G is independent of the choice of representative of the
conformal class [g]. By fixing a representative g, we may identify (¢,x) € Ry x M
with (t2gr, x) € G. We obtain a trivialization of the bundle G associated with the
representative g. In this identification, the dilations are given by d,(t, x) = (st, z),
the radial vector field is given by X = tJ, and the homogeneous 2-tensor is given
by go = t*7*g. The metric g is a smooth section of the bundle G. The image of
this section is the submanifold at ¢ = 1. Picking a representative g determines also
a horizontal subspace H, C T,G for every z € G, which satisfies H, = ker(dt)..

We may identify G x R with R, x M xR by taking another representative g €
[g] in the following way: we again identify (£,2) € Ry x M with (£2g,,z) € G. We
obtain another trivialization of the bundle G. These two trivializations satisfy the
relation ¢ = e~ /@)t where (t,2) € Ry x M and f € C®°(M). Let (21,22, ...,2,)
be local coordinates on an open set x € U C M. Then the metric g is given as
g = gijdx;dx; and (¢, 1,29, ..., 2,) are local coordinates on 7~ *(U). The tensor
go is given by go = t?¢;;(x)dx;dz; and the horizontal subspace H, is exactly the
span of {0;,,0sy, - - ., O0s, }. We may extend the dilations ds to ds : G xR — G xR
by only acting on the first factor. This also extends the vector field T' to G x R.
We can define an embedding of G into G x R by i(z) = (2,0) for z € G. Then
(t,x1,9,...,x,,7) are local coordinates on G x R.

We follow [AM] in using the subscript 0 to denote the ¢t-component, the sub-
script oo to denote the r-component and the subscript lower case letters to denote
T1,%o,...,Ty-cOmponents.

In general, the ambient metric g of a conformal Riemannian manifold M is
defined as a solution to a system of partial differential equations with a boundary
condition and satisfying a homogenity property. The ambient metric is a met-
ric defined in a neighborhood of G in G x R and homogeneous with respect to
dilations on G x R. The system of partial differential equations asserts that the
ambient metric is Ricci-flat and its boundary value is given by the initial confor-
mal manifold. This boundary value problem is singular because the pullback of
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the ambient metric to the initial manifold is degenerate. For this reason we con-
sider only formal power series solutions to the system. The existence of solutions
of the system depends on the parity of the dimension n of the initial conformal
metric M. In the case when the dimension n is odd, there exists a formal power
series solution of the system to any order, unique up to an isomorphism. On
the other hand, for n > 4 even we get a solution up to the order n/2 — 1, again
unique up to an isomorphism, and the existence of a solution beyond this order
is obstructed by the so called obstruction tensor.This is a conformally invariant
natural trace-free symmetric 2-tensor. In the case of a non-trivial obstruction
a formal power series soluton may be still constructed by introducing log terms
into the series. For n = 4, the obstruction tensor is the Bach tensor.
The content of this section including proofs can be found in [AM].

Definition 43. A pre-ambient space for (M, [g]), where [g] is a conformal class
of signature (p,q) on M, is a pair (G, §), where:

(1) G is a dilation-invariant open neighborhood of G x {0} in G x R;

(2) g is a smooth metric of signature (p+ 1,q+ 1) on G, where the signature of
the initial metric g is (p, q);

(3) G is homogeneous of degree 2 on G (629 = s%g);

(4) The pullback i*§ is the tautological tensor gy on G.

If (G,g) is a pre-ambient space, the metric g is called the ambient metric. If the
dimension n of M is odd or n = 2, then a pre-ambient space (G,g) 1s called an
ambient space for (M, |g]), provided we have

(5) Ric(g) vanishes to infinite order at every point of G x {0}.

In order to define ambient space for even dimensions, we first define a symmetric
2-tensor field Sry; on an open neighborhood of G x {0} in G x R.  We write
S1a = OF, (™) if: (i) Sy = O(™)

(ii) For each point z € G, the symmetric 2-tensor i*(r~™S)(z) is of the form
m*s for some symmetric 2-tensor s at v = w(z) € M satisfying tr ,,s = 0. The
symmetric 2-tensor Sty is allowed to depend on z, not just on x.

In terms of components relative to a choice of representative metric g € [g],
S1y = OF,(r™) if and only if all components satisfy Sr; = Or;(r™) and if in addi-
tion one has that Sy, Soi and g S;; are O(r™™). The condition Sy = OF,;(r™)
15 easily seen to be preserved by diffeomorphisms ¢ defined on a neighborhood of
G x {0} in G x R satisfying ¢|gx oy = id.

Now suppose (G, §) is a pre-ambient space for (M, lg]), with n = dim M even and
n > 4. We say that (é,g) is an ambient space for (M, [g]), provided we have
(5°) Ric(g) = Of (r"/>1).

If (G, g) is an ambient space, the metric g is called an ambient metric.

We continue by formulating the notion of equivalence for pairs of pre-ambient
spaces.

Definition 44. Let (Q~1,§71) and (Q~2,§2) be two pre-ambient spaces associated to
(M, [g]). We say that (G1,§1) and (Gy,§2) are ambient-equivalent if there exist
open sets Uy C gl,UQ C Gy and a diffeomorphism ® : Uy — Us, with the following
properties:

(1) Uy and Us both contain G x {0};

(2) Uy and Us are dilation-invariant and ® commutes with dilations;

(8) The restriction of ® to G x {0} is the identity map;
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(4) If n = dim M 1is odd, then g, — ®* gy vanishes to infinite order at every point
of G x {0}.
(4°) If n = dim M s even, then §; — ®*G, = OF,(r"/?).

The relation of ambient-equivalence is an equivalence. Next we formulate the
existence theorem for ambient spaces.

Theorem 2. Let (M, |[g]) be a smooth conformal manifold of dimension n > 2.
Then there exists an ambient space for (M, [g]) and any two ambient spaces for
(M, [g]) are ambient-equivalent.

Now, we will establish an additional characterization for ambient spaces.

Theorem 3. Let (G, §) be a pre-ambient space for (M, [g]). There is a dilation-
invariant open subset U C G containing G x {0} such that the following three
conditions are equivalent.

(1) VT = id on U;

(2) torg = d(||T]*) on U;

(8) For each p € U, the parametrized dilation orbit s — dsp is a geodesic for g.
In (1), V denotes the covariant derivative with respect to the Levi-Civita connec-
tion of g. So VT is a (1,1)-tensor on U, and the requirement is that it be the
identity endomorphism of TM at each point. In (2), ||T||* = g(T,T). In (3), tar
denotes contraction by the vector field 2T .

Definition 45. A pre-ambient space (G, §) for (M, [g]) will be said to be straight
if the equivalent properties of theorem [ hold with U = G. In this case, the
pre-ambient metric g is also said to be straight.

The following theorem asserts that an ambient space satisfying the straight-
ness condition always exists.

Theorem 4. Let (M,|g]) be a smooth manifold of dimension n > 2 equipped
with a conformal class. Then there exists a straight ambient space for (M, [g]).
Moreover, if g is any ambient metric for (M, |g]), there is a straight ambient
metric §° such that if

(1) n is odd, then g — g’ vanishes to infinite order at G x {0};

(2) if n is even, then §j — §' = OF,(r™/?).

Next, we formulate a condition to choose a representative ambient space in a
special form and two theorems that guarantee the existence of an ambient space.

Definition 46. A pre-ambient space (G, §) for (M, |[g]) is said to be in normal
form relative to g if the following three conditions hold:

(1) For each fived z € G, the set of all 7 € R such that (z,7) € G is an open
interval I, containing 0.

(2) For each z € G, the parametrized curve I, : v — (z,r) is a geodesic for the
metric g.

(8) Let us write (t,x,r) for a point of R, x M xR ~ G xR under the identification
iduced by g, as discussed in the beginning of this chapter.

Then, at each point (t,x,0) € G x {0}, the metric tensor § takes the form

G = go + 2tdtdr. (2.6)
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Theorem 5. Let (M, [g]) be a smooth manifold equipped with a conformal class,
let g be a representative of the conformal class, and let (é,g) be a pre-ambient
space for (M,|g]). Then there exists a dilation-invariant open set U C G x R
containing G x {0} for which there is a unique diffeomorphism ® from U into g,
such that ® commutes with dilations, ®|gy oy s the identity map, and such that
the pre-ambient space (U, P*g) is in the normal form relative to g.

Theorem 6. Let M be a smooth manifold of dimension n > 2 and g a smooth
metric on M.

(A) There exists an ambient space (G, §) for (M, [g]), which is in the normal form
relative to g.

(B) Suppose that (Gy,§1) and (Ga, §2) are two ambient spaces for (M, [g]), both of
which are in the normal form relative to g. If n is odd, then g — go vanishes to
infinite order at every point of G x {0}. If n is even, then g, — go = OF,(r™/?).

We formulate two more theorems, that make the form of the ambient metric
more specific.

Theorem 7. Let (G,§) be a pre-ambient space for (M,[g]), where G has the
property that for each z € G, the set of all r € R such that (z,1) € G is an open
interval I, containing 0. Let g be a metric in the conformal class, with associated
wdentification Ry x M x R~ G x R. Then (Q~,§) 15 in normal form relative to g
if and only if one has on G-

gOoo =1, gioo = 07 goooo = 0. (27)

Theorem 8. Suppose n > 2. Let the pre-ambient space (C;, g) be in normal form
relative to a representative metric g. The following conditions are equivalent.
(1) Goo = 2r and Go; = 0.

(2) For each p € G, the dilation orbit s — d,p is a geodesic for §.

(3) targ = d(||T|]?) i}

(4) The infinitesimal dilation field T satisfies VT = id.

We remark that by , condition 4 the coefficients g;; are given by g;; = ¢4y,
where g;; is a formal power series in 7, for which the coefficients are determined by
vanishing of the Ricci curvature. The process of calculating these coefficients is re-
cursive, where the separate steps solve the system of partial differential equations
that assert the the Ricci curvature vanishes as O(r*), k = 1,2,.... We conclude
that by Definitions |7| and , under suitable conditions (straightness and normal
form) the ambient metric is given by a power series, where the coefficients are
determined by vanishing of the Ricci curvature. Particularly, the ambient metric
is given by

g = t2gij(z,7) + 2tdtdr + 2rdt?, (2.8)

where g;;(z,0) = g;;(x).

Definition 47. Let (M, [g]) be a conformal Riemannian manifold. We may view
the metric bundle as a principal bundle with structure group R,. Irreducible
representations of Ry induce associated line bundles on M. We denote E[w] the
line bundle induced by representation of weight —w/2. A tensor density of weight
w 1s then defined as a section of the associated line bundle Ew].
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As noted earlier, for n > 4 even the existence of solutions for g;; beyond order
n/2 — 1 is generally obstructed by the so-called obstruction tensor O, which we
will now define. Let @ = (7, 7T), where T is the infinitesimal dilation vector
field. We restrict @ to G x {0}. Particularly,

Q = 2rt?> mod O(r™/?71). (2.9)

Now since Ric(g)rs = OF,(r"/271), Q*="/?Ric(g);, is a tensor field on G, it defines
a symmetric (0,2)-tensor density on M of weight 2 — n. Taking a metric g in the
conformal class [g], we may view it as a section of the bundle G. Evaluating the
tensor field Q'~"/?Ric(j);; at g, we obtain a (0,2)-tensor on M, which will be
denoted as Q'~"2Ric(j)1,|,- Now we define the obstruction tensor of g as

017 = Q" ?Ric(§11)l,, (2.10)
where
Cn = (—1)“/2—12%2(”/2 )iy (2.11)
n—2
When g is in normal form relative to g, the above formula reduces to
Ory = 272,17 2Ric(§) 17| r—o- (2.12)

In this case when g is conformally equivalent to an Einstein metric, the obstruc-
tion tensor O is zero. This follows easily from the last identity for O;; in normal
form relative to g. When n = 4 the obstruction tensor is the Bach tensor and for
n = 6 it it is equal to

O = By —2WeiyB" — 4P B;; + 8P" Cyj s — ACH Cyjy,

+ 20O +4PF,CL — aW,, PR P (2.13)
i J k,l It m

ij

where B;; denotes the Bach tensor, C;;;, denotes the Cotton tensor and Wi
denotes the Weyl tensor.

When the obstruction tensor is nonzero, there are no formal power series solutions
for g beyond the order n/2. For n > 4, n even, we may continue the process of a
determining a solution for g beyond the order n/2 by introducing log terms into
the formal power series. When n is odd, we introduce half-integral power terms
into the formal power series. In both cases the solution is no longer unique.

We continue by providing a definiton of the Poincaré-Einstein metric on a con-
formal manifold and discuss its properties. We shall denote again by (M, [¢]) a
Riemannian manifold of dimension n > 2 with a conformal class of metrics [g]
represented by a metric g.

Definition 48. Let M, be a manifold with boundary OM, = M and let r be a
defining function for the boundary of My, by which we mean that r is smooth
on M., positive on M$ (the interior of M.) and r = 0 on OM,, dr # 0 on
OM,. We say that a smooth metric g, on the interior of M, of signature (p +
1,q) is conformally compact if r’g, extends smoothly to M, and rg, |y is non-
degenerate as a quadratic form. Moreover, we say that a conformally compact
metric g, has conformal infinity (M, [g]) if r’g.|rar € [g]-
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The conditions in the previous definition are independent of a choice of the
defining function r. Now we will identify M, with an open neighborhood of
M x {0} in M x [0,00). The second coordinate factor in this decomposition will
be labeled as 7.

Definition 49. Let S,5 be a symmetric (0,2)-tensor field on an open neighborhood
of M x {0} and let m > 0. We will write Sap = O_5(r™) if S = O(r™) and
tr(i*(r~™S)) = 0 on M, where i : M — M x [0,00) is the inclusion given by
i(x) = (x,0), g is a metric in the conformal class [g] and in the trace is taken
with respect to the metric g.

Now we are ready to introduce the notion of the Poincaré-Einstein metric.

Definition 50. A Poincaré-Einstein metric for the conformal class (M, [g]) is a
conformally compact metric gy of signature (p + 1,q) defined on the interior of
M, , where M, is an open neighborhood of M x {0} in M x [0,00) such that g,
has conformal infinity (M, [g]) and the following condition is satisfied:

(1) if n is odd or n = 2 we require that Ric(g+)as +ng+ vanishes to infinite order
on M.

(2) If n > 4 and n is even we require that Ric(gy)ap +ngy = OL(r"2).

We remark that we may alternatively define a Poincaré-Einstein metric ¢g_
with signature (p,q + 1) and with the term Ric(g_) — ng_ instead of the term
Ric(gy) + ng in the condition. This is equivalent to taking g = —g, and the
signature (g, p) instead of (p, q).

Definition 51. A conformally compact metric g, is asymptotically hyperbolic if
||, =1 on M.

Poincaré-Einstein metric is always hyperbolic. We will formulate a notion of
normal form for asymptotically hyperbolic metrics in order to establish a connec-
tion between the ambient metric and the Poincaré-Einstein metric.

Definition 52. We will say that an asymptotically hyperbolic metric g, is in
normal form relative to a metric g in the conformal class [g] if g, = r=2(dr*+g,),
where g, is a 1-parametric family of metrics on M of signature (p,q) satisfying

g7"|7‘:0 =4d.

Theorem 9. Let g, be an asymptotically hyperbolic metric on M9 and let g € [g].
Then there ezists an open neighborhood U of M x {0} in M x [0, 00] on which
there is a unique diffeomorphism ® from U into My such that ®|y = idy, and
such that ®*g, is in normal form relative to g on U.

We will need one more definition.

Definition 53. We will call an asymptotically hyperbolic metric g, on MY even
if g, is the restriction to M, of a smooth metric h on an open set V C
M x (—o0,00) containing M, (under the identification), such thatV and h are
invariant under the transformation T(r) = —r. Moreover we will call a diffeo-
morphism ® : M — M x [0,00) satisfying ®|rxqoy = idrxoy even if ® is the
restriction of a diffeomorphism of V which commutes with T'.
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We remark that if g, is an even asymptotically hyperbolic metric and & is an
even diffeomorphism, then U*g, is even. Now we will formulate a theorem that
guarantees existence of a Poincaré-Einstein metric and a theorem for existence of
a Poincaré-Einstein metric in normal form.

Theorem 10. Let (M, [g]) be a smooth manifold of dimension n > 2, equipped
with a conformal class [g]. Then there ezists an even Poincaré-Einstein metric
for (M,[g]). Moreover, if g% and g% are two even Poincaré-Einstein metrics for
(M, [g]) defined on (M7)° and (M2)°, resp., then there are open subsets U' C M1
and U* C M3 containing M x {0} and even diffeomorphism ® : U' — U? such
that V|yrxqoy is the identity map, and such that:

(a) If n = dim M s odd, then g}r — @*gi vanishes to infinite order at every point
of M x {0}.

(b) If n = dim M is even, then g\ .5 — ®*g3 5 = OL5(r"2).

Theorem 11. Let M be a smooth manifold of dimension n > 2 and g a smooth
metric on M.

(A) There exists an even Poincaré-Einstein metric gy for (M, [g]) which is in
normal form relative to g.

(B) Suppose that g and g% are even Poincaré-Einstein metrics for (M, [g]), both
of which are in normal form relative to g. If n is odd, then g} — g% vanishes
g)+z'7(zﬁn_z';f<)a order at every point of M x {0}. If n is even, then g_lmﬁ — giaﬁ =

a7 .

Now everything is set up to discuss the construction of a Poincaré-Einstein
metric from a pre-ambient metric. Let (G, §) be a straight pre-ambient space
for (M, [g]). Using Theorem [§] that ||T'||* vanishes exactly up to first order on
G x {0} € G. We define the hypersurface H = G N {||T||> = —1}. Every dilation
orbit of G intersects the hypersurface # exactly at one point because ||T)[? is
homogeneous of degree 2 with respect to the dilations. We extend the projection
T:G—>Mtor:GCGxR— M xR by acting only on the first factor. Define
the mapping y : M x R — M x [0,00) as x(z,7) = (2, /2[r]). Then there exists
an open neighborhood My of M x {0} in M x [0, c0) such that xon|y : H — MY
is a diffeomorphism.

Theorem 12. If (G, §) is a straight pre-ambient space for (M,[g]) and H and
M are as above, then

g+ = ((xomln) ") gln (2.14)

is an even asymptotically hyperbolic metric with conformal infinity (M, [q]). If §
is in normal form relative to a metric g € [g], then g, is also in normal form
relative to g. FEvery even asymptotically hyperbolic metric g, with conformal
infinity (M, [g]) is of the form for some straight pre-ambient metric g for
(M, [g]). If g+ is in normal form relative to g, then g can be taken to be in normal
form relative to g, and in this case g on {||T||> < 0} is uniquely determined by

9+-

We remark that in general there are many straight pre-ambient metrics g such
that gives the same Poincaré-Einstein metric g, .
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We conclude this section by giving the formal power series form of an even
Poincaré-Einstein metric g, in normal form relative to the representative g € [g]
associated to (M, [g]) represented by g. Refer to [AM]. The Poincaré-Einstein
metric is given by

1
9+ = —5(9r + dr?), (2.15)

where g, is a 1-parameter family of smooth Riemannian metrics satisfying g, |- =
9

gT — g(o) + T29(2) _|_ PR + fr’ng(n)7 g(o) = g7 (216)

where g = g and ¢® = —P;;, P; = tf(ag;'j)\rzo, where tf denotes the trace-free
part (also see and ¢ is the ambient metric for g;;. In the case when (M, [g])

is conformally equivalent to a Einstein metric g, the formula for g, reduces to
g =90 +1%?, ¢V =y, (2.17)
where ¢(® = g. We will not consider the generalized Poincaré-Einstein metrics.

We remark that we may again generalize the notion of Poincaré-Einstein metric
to a generalized Poincaré metric by replacing smoothness with a weaker condition
and requiring that Ric(gy)—ngy vanishes to infinite order. Notions of straightness
and normal form again apply, and correspond to introducing log terms into the
power series. We write a straight generalized Poincaré-Einstein in normal form
as a power series involving powers of r and log(r). Since we will work only
with Poincaré-Einstein metrics, we will not formulate results about generalized
Poincaré-Einstein metrics.
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3. Parabolic PDE

3.1 Existence theory

In this section we define linear partial differential equations of parabolic type and
discuss their generalisation to a non-linear setting on manifolds. We aim to for-
mulate the existence and uniqueness statements for parabolic partial differential
equations.

Definition 54. We consider a class of second order partial differential equations
on an open set 2 C R™ of the form

ou o 0 0
g — 4+ b—u+ L i=1,... 1
ot Y Ox; c%cju bi 8xiu b el (3.1)

where u : Q x I — R is a smooth function, where I C R is an open interval and
aij, bi,c: Q — R are smooth functions. Equation (3.1)) is called parabolic if there
exists A € Ry, such that

We extend this notion to closed manifolds:

Definition 55. Let M be a closed manifold, I C R an open interval and u :
M x I — R a function. Consider the equation

8u_

— =171 3.3
2 L) (33
where L : C®°(M) — C*(M) is a second order differential operator that can be
written in a coordinate chart (x1,xs,...,z,) on some U C M as
0 0 0
L = Qji—— b;— , 3.4
<U> &J(%i 8xju+ 8aziu+cu ( )

where a;;,b;,c are smooth functions defined on U. We call the equation
parabolic, if there exists A > 0, such that

Now we will state an alternative definition of parabolic equations which will
be useful later in proving the existence theorem for Ricci flow.

Definition 56. For the second order differential operator L in equation (3.3) we
define the principal symbol o(L) : T*(M) — R as

o(L)(z,§) = ai;(2)&E;- (3.6)
The principal symbol is independent of the choice of coordinates (see [RF|], page 5

for a third alternative definition). Equation (3.3) is now parabolic, if o(L)(z,§) >
0 for all (x,&) € T*(M). See again [RE] for the equivalence of these definitons.
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In particular when L = A the Laplace-Beltrami operator

1 0 0 0 0
:ﬁax(x/ﬁgw—):g” —— + LOTs, (3.7)

ox j 8:}0, ox j
where LOTs denotes lower order terms and d = det(g;;), the principal symbol
equals

A

o(A)(z,€) = g7&¢&; = [¢* > 0. (3.8)

We have demonstrated that the heat equation % = Auw is parabolic according to
Definition G5l

Next step is generalising our definition of parabolicity to sections of vector
fiber bundles. We will again define the principal symbol in this setting. We will
use lower-case greek letters to label indices associated with coordinate frames to
distinguish them from indices associated with coordinate charts.

Definition 57. Let E be a smooth vector fiber bundle over a closed manifold M
and I C R be an open subset. Let I1 : M x I — M denote projection on the first
factor. Now we consider the pullback bundle T1*(E) with base space M x I. Let
v e '(II*(E)). Choosing a coordinate frame {e1, e, ..., e}, we may write v as

v =0v%,. (3.9)

Now, we consider the equation

v

— =1L 3.10

% L), (3.10)
where L is a second order linear differential operator L : T'(E) — T'(E), which
may be written in a coordinate chart (xy,xs,...,2,) on some U C M and a
coordinate frame {eq,es,...,ex} on E as

wg 0 0 ag O .
L(v) = [ai]ﬁ%%UB + biﬁ%vﬁ + ey, d,j=1,...,n, (3.11)
) j )

for a;j,bi,c : U = E smooth functions. At this point, we may define the prin-
cipal symbol of the second order differential operator in equation . Let
IT: T*(M) — M denote the bundle projection of the vector fiber bundle T*(M).
Then the pullback bundle I1*(E) is a vector bundle over T*(M) with fiber at
(,8) € T*(M) equal to E, (fiber of the bundle E). The principal symbol o(L) :
IT*(E) — II*(E) is a vector fiber bundle homomorphism defined as

o(L)(w,&)v = (a5&€;)ea- (3.12)
We call the equation (3.10) parabolic, if there exists A > 0 such that

(o(L)(z,&)v,v) = Alg|*|v]*. (3.13)
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Definition 58. We consider a nonlinear partial differential equation of the form

ov

— =P 3.14

% = P(), (314)
where P : T'(E) — T'(E) is a second order quasilinear differential operator, which
may be given locally in a coordinate chart (x1,x,...,x,) on M and a coordinate
frame {ey,es,...,x,} on E as

P(v) = [af (z,v W)ai a%v 03 (2,0, V0)eq, G5 =1,...,n. (3.15)
i Odj

Given w € I'(E), we call the equation (3.14) parabolic at w, if the linearisation
of equation (3.14)) at w, which is given by the equation

ov 0
Tl [&P(w)]v

is parabolic by definition [57.

(3.16)

We finish the section by formulating the existence and uniqueness statements
for solutions of parabolic differential equations.

Theorem 13. Let us consider the equation (3.14)). Let w € I'(E). If the equation

1s parabolic at w and the functions af‘ﬁ,bf‘ are smooth for i,7 = 1,...,n and

a,f =1....,n, then there exists € > 0 and v e '(II*(E)) fort € |0,¢€], such that
— =P(v), v(0)=w (3.17)
for t € [0,€]. Second, uniqueness also holds: suppose that % = P(v) and % =

P(v [)O 0]7’ € [0,¢|. If either v(0) = ©(0) or v(e) = 0(€), then v(t) = 0(t) for all

See [EV], Second-order parabolic equations, Section 7.1 Theorem 7, page 367
for the proof of the theorem in the case when M = R".
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4. Ricci Flow on manifolds

4.1 Basics and existence theory

We introduce the notion of the Ricci flow and discuss its existence and uniqueness
for closed manifolds. We follow [RE] chapter 5, Existence theory for the Ricci
flow. Note that the assumption of closedness on the manifold M may be removed,
see [SH], [CZ] and [TO] for existence results.

Definition 59. Let (M, g) be a closed Riemannian manifold. Ricci flow of the
manifold (M, g) is a 1-parametric family of metrics g(t) on M (where I = |0, a]
is a closed interval for some a € Ry and t € 1) fulfilling the Ricci flow equation

dg(t)

together with the boundary condition
9(t)|t=0 = g (4.2)

Recall that Ric(g(t)) is the Ricci curvature of (M, g(t)).

Since under multiplication of the metric by a positive constant the Ricci tensor
remains the same, we may choose an arbitrary constant coefficient for the Ricci
flow equation. In this case we will use 2 as the constant coefficient in the Ricci
flow equation.

We note that the Ricci flow equation fits Definition [58, however it is not
parabolic (see [RE], pages 59-60). This will be solved by a workaround called ” De-
Turck trick” (see [RF], section 5.2). Consider 7' € T'(Sym*T*(M)) smooth and
positive definite. We will also denote by T' the invertible map 7" : I'(T*(M)) —
[(T*(M)) induced by T. For a Riemannian manifold (M, g) equipped with a
smooth family of metrics g(t) parametrized by t € [0, €] we define operators

Q = —2Ric(g(t)) (4.3)

and

P(g(t)) = —2Ric(g(t)) + Lir-1scr)#9(t), (4.4)

where £ is the Lie derivative, 0 is the divergence with respect to ¢(t), G is the
gravitation tensor (see Definition and # is the musical isomorphism. Note
that P(g(t)) = Q + Lir-1sc(r)#g- The strategy of the DeTurck trick is first to
show that the equation

W0 _ plg) (4.5)

is parabolic and then to modify this solution to obtain the Ricci flow equation.

In order to demonstrate that the equation (4.5]) is parabolic, we need to calculate

its principal symbol. First, we set h = 8%—5:). Using Theorem , we get
0 1
(5;0(G(1))Z = =T((6G(W)*, Z) + (h, VT (..., Z) = 5V T), (4.6)
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where (,) denotes pairing with respect to g, so

0
aT‘HSG(T) = —0G(h)+ ..., (4.7)
where ... consists of terms that do not depend on derivatives of h, while G(h)
depends on first derivatives of h. So we have
0
aﬁ(T—léG(T))#g = —Lamy#g + - - (4.8)

where the Lie derivative term contains one second derivative of h and the ...
terms contain h and first derivative of h. Now, using theorem [I7, we calculate

0 0

ap(g(t)) = [EQ(Q) + DLp-1sc(ry)#g)h (4.9)
= (Arh+ Liamy#9) — Leamy#g + - -
— Aph+ ...

where Aph is the Lichnerowicz Laplacian of h. Using , we see the principal
symbol a(DP(g))(z,&)h = |£]2h, so the equation is parabolic for any initial
metric g. We may now use Theorem [13]in equation (4.5)). For any initial metric
g there exists € > 0 and a solution ¢(¢) of equation satisfying the boundary
condition

g(t)]=0 = g. (4.10)

The second step of the DeTurck trick consists of a modification of the solution
to by a diffeomorphism to obtain the Ricci flow. We begin by defining for
each ¢ a smooth vector field given by X = —(T715G(T))#. This vector field
generates a diffeomorphism v, : M x I — M given by the equation

Xt s = 2220 ) (4.11)

for any f : M — R a smooth function on M and y € M. Next we define a
modified family of metrics g(t) = ¥/ (g(t)). Using the definition of Lie derivative,
we see that

dg _ ,,99(t)
Er t(W + Lxg), (4.12)
so we may calculate
) s .
: (W + Lxg) = ¥i (—2Ric(g(t)) + Lir—saary#9g + Lor-1s61)#9)
= —2¢;(Ric(g(?)))
= —2Ric(g(t)) (4.13)
and
9(t)li=0 = ¥ (g(t)]=0) = g, (4.14)

so by (4.12)) g(¢) is the Ricci flow. We formulate the result as a theorem.
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Theorem 14. Let M be a closed Riemannian manifold equipped with metric g.
There exists € > 0 and a smooth family of metrics g(t) fort € [0,¢€], such that

dg(t
99 _ 9 pic(g(t), (4.15)

ot

fulfilling the boundary condition
9(t)le=0 = g. (4.16)

Now we will discuss uniqueness of the Ricci flow. Let g(¢)! and g(¢)? be two
solutions of the Ricci flow equation (4.1) with boundary condition (4.2]). These
solutions exist from Theorem [14] for some €' and 2. We will work on the time
domain given by the minimum of €', €2, which we denote by €. First, we choose
a metric T on M and solve the partial differential equation given by

v
ot

for i = 1,2 (the divergence is taken with respect to g'(t), g?(t)), satisfying the
boundary condition

= (T'G(T))*, (4.17)

Vi]i—o = id, (4.18)

where ¢! : M x [0, ¢] — M. We may assume that 1)} is a diffeomorphism for every
t € 0, €] and note that (1}).(g!) satisfies the equation for i = 1,2 with the
same boundary condition. Using the uniqueness part of Theorem [I3] we get that
Yf = for t € [0, €], since 1}, 1?7 are invertible.

We again formulate the result.

Theorem 15. Let M be a closed Riemannian manifold with metric g and let
g*(t), g*(t) be solutions of the Ricci flow equation (4.1)) with boundary condition

for (M,g), where t € [0,€] for some € > 0. If g*(t) = g¢*(t) for some
t € [0,¢|, then g'(t) = g*(t) for all t € [0, ¢€].

Since we have formulated existence and uniqueness, we may formulate the
definition of Ricci flow on a maximal time interval [0, 7).

That is, either T'= oo or in the case when T < 0o, there does not exist € > 0
for which a solution of the Ricci flow equation extends from [0, 7] to [0, T + €.

Finally, we will formulate theorems on evolution of Riemannian volume and
Ricci curvature under the Ricci flow.

Theorem 16. Let (M, g) be a Riemannian manifold and let g(t) be a solution
of the Ricci flow equation with boundary condition for (M, g), for
t € [0,¢€| for some e > 0. Let V(t) be the Riemannian volume parametrized by
t € [0,¢€] associated to the family of metrics g(t). We set q(t) = a%—sf). Then the
following holds

0 1

—dV = —(tr q(t))d 4.1

£V = (1 g(0)dV. (119)
from which follows that the following holds

0

—V(t)=— [ RdV 4.20

5V =~ [ Rav, (4.20)

M
fort €[0,¢.
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Theorem 17. Let (M, g) be a Riemannian manifold and let g(t) be a solution
of the Ricci flow equation (4.1)) with boundary condition (4.2)) for (M, g), where
t € [0, €] for some e > 0. Let Ric(t) denote the Ricci curvature tensor of g(t) and

let q(t) = 8%_(;). The Ricci curvature tensor Ric(t) evolves according to

Jd . 1 1
ERZC(t) = —§ALQ(t) — §£(§G(q(t)))#ga (421)

fort € [0,¢€], where Ay, is the Lichnerowicz Laplacian defined by ((1.21]).

Theorem 18. Let (M, g) be a Riemannian manifold and let g(t) be a solution

of the Ricci flow equation (4.1) with boundary condition (4.2) for (M,g), for
t € [0,€| for some € > 0. Let Ric;; denote components of the Ricci curvature

tensor of g and R denote components of the Riemann curvature tensor of g.
Let Ric;j(t) denote components of the Ricci curvature tensor of g(t). Then the
components of the Ricci curvature tensor Ric;;(t) evolve according to

0
@Ricij (t) = AR’LC” — QleRiCkiRiClj + 2gklgquikijiClq, (422)

fort € [0, €|, where A is the connection Laplacian. We will use (Ric;_, Ric;_) to
denote g™ Ricy; Ric; and (R;_;_, Ric__) to denote g" gP Ry, Ricy.

We refer to [RE] for the proofs.

4.2 Examples

As a first example we consider R with euclidean metric g;; = d;;dz;dz;. Since it
is Ricci-flat, the manifold remains unchanged by evolution of the Ricci flow.

In the case when the initial Riemannian manifold (M, g) is Einstein with Einstein
constant J, the evolution of the Ricci flow is particularly simple. Because

Ric(g) = Jg, (4.23)

the solution g(t) for the Ricci flow equation (4.1]), satisfying the boundary condi-
tion

9(t)|i=0 = g, (4.24)
is given by
g(t) = (1—2Jt)g, (4.25)

by the fact that the Ricci tensor is invariant under uniform scalings of the initial
metric.

The unit sphere (S™, g) for n > 1 has J = (n — 1), so the evolution is

g9(t) = (1 —2(n — 1)t)g, (4.26)
and the unit sphere collapses to a point at time ¢t = 5——, where the metric

2(n—1)>
degenerates.
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Next, we take a hyperboloid with hyperbolic metric (of constant sectional cur-
vature —1) (H", g). This time the Einstein constant is J = —(n — 1), and the
evolution is given by

g(t) = (1+2(n—1)t)g. (4.27)

The manifold expands with ¢ increasing, which can be seen from the evolution of
the Riemannian volume, Theorem

V(t)=V+ (n— 1), (4.28)
where V' is the Riemannian volume of (H", g).

Our last example is a 1-parameter family of perturbed 3-spheres (S, g), g = g(e),
where

gle) =

[es BN enliNe
O = O
_ o O

for e > 0. For e = 1 we get the case covered in (4.26]). We use the isomorphism of
S® with the Lie group SU(2) to simplify the calculations. The Lie algebra su(2)of
SU(2) has a basis X, Y, Z

G0 (0D 2 e

satisfying commutator relations
(X,Y]| =27 [Z,X]|,=2Y [Y,Z]=2X. (4.30)
Using the formula ([1.15)), we calculate the connection coefficients
VxX = 0, VxY=(02-¢€¢2, VxZ=-(2-¢)Y,

VyX = —eZ, VyY =0, VyZ=X,
VzX = EY, VZYI—X, VZZ:0,

(4.31)
and calculate components of the Riemann curvature tensor
RxyX = —€Y, Rxz;X =—-€Z, Ry;X =0,
RxyY = €X, RxzY =0, RyzY =-—(4-3¢)Z,
RxyZ = 0, RxzZ =€X, RyzZ = (4-3¢)Y.
(4.32)
The components of the Ricci tensor are then equal to
Ricxy = 2¢*, Ricyy =2(2—¢), Riczy =2(2—¢),
Ricxy =0, Ricyy =0, Ricyy = 0. (4.33)

Since the Ricci tensor is diagonal, the solution ¢(¢) to the Ricci flow equa-
tion (4.1)) is constant in off-diagonal components. By the boundary condition
g(t)]i=0 = g we get that the solution ¢(t) is diagonal, so it is in the form

et)p(t) 0 0
gt)y=1 0 pt) 0 (4.34)
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for some smooth functions €(t), p(t) satisfying the boundary conditions given
by (e(t)p(t))]|i=0 = € and p(t)|;=0 = 1. Then the Ricci flow equation (4.1)) is
equivalent to the system of partial differential equations

W0~ ey,
P = P50 25 = s (43)
The second equation in gives
205t = selt)(1—e(t).
a;(;f) _ Se(t)(;&)ﬁ(t)). (4.36)

We will calculate dependence of p(t) on €(t), using the implicit function the-
orem. In the following we assume that €(t) # 1 for R,. Calculating the partial
derivative of p(t) with respect to €(t), we get

Op(t) _ %5 _ 42— e()plt) _ (2 et))plt) (437)

Oe(t) 3(69(;) 8e(t)(1 — e(t)) 2e(t)(1 — €(1))

The differential equation is separable. We may write
dp() ___ 2=el) (4.38)

p(t) 2¢(t)(1 — €(t))
Integrating (4.38)) by ¢, we get

1
log|p(t)] = logle(t)| — 5log|l — e(t)| + Ch, (4.39)

where (] is an integration constant.

Equation (4.39)) implies

Cge(t)
pt) = ——==, (4.40)
VI —e(t)]
where Cy = exp|CY|.
Substituting (4.40)) into (4.36]) we get
Oe(t
a(t) = C3e?(t)\/|1 — e(t)], (4.41)
where C3 = é—i

The differential equation (4.41]) is again separable. Integration by ¢ using
substitution /1 — €(t) = u gives

1 L+T—€@®),  2/1—€(t),
a §(log| 1-./1— E(t)| - e(t) ) = Cst + Cy, (4.42)

where () is an integration constant.
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5. The Ricci flow problem for
Poincaré-Einstein metrics

5.1 Formulation of the problem

Let (M, g) be a Riemannian manifold. We are interested in finding metrics h(0)
that flow to the Poincaré-Einstein metric hy of g at a finite time (normalized to
t = 1). Although the Poincaré-Einstein metric forms a manifold with boundary
on M x I, we will only work in the interior of the manifold. We will not consider
generalized Poincaré-Einstein metrics. We will refer to this problem as the Ricci
flow problem for (M, g).

Namely, we consider 1-parameter family of smooth metrics h(t) on M x I,
parametrized by ¢ € [0, €] for some € > 0, satisfying the Ricci flow equation

Oh(t)

= = —2Ric(h(t)), (5.1)

together with the terminal (boundary) condition
h(t)|i=1 = hy. (5.2)

Here ¢ denotes the coordinate on [0, €], 7 denotes the coordinate on I as in chapter
2, T1,...,%, denote coordinates on M. A solution of the Ricci flow problem is an
initial metric occuring in the family A(t) at the time ¢t = 0. Finding a solution to
the Ricci flow problem is equivalent to finding a solution to backward Ricci flow,
that flows in a finite time in the following way: we consider the backward Ricci
flow given by

Oh(t
) _ sRic(h(t)), (5.3)
ot
together with the boundary condition
h(t)|i=1 = hy, (5.4)

for t € [1 — €, 1], for some € > 0. For a discussion on the backward Ricci flow,
see [RF] pages 71-73. It is discussed there that a solution of the backward Ricci
flow is generally not unique. It follows that a solution of the Ricci flow problem
is generally not unique. For simplification we will assume that the obstruction
tensor O for the metric g is zero, so we do not consider generalized Poincaré-
Einstein metrics with log terms in the formal power series.

By (2.15) and (2.16) we can write the Taylor expansion in 7 of the Poincaré-

Einstein metric

1 2
hy = ﬁ(hr + dr*)
using

hy = RO 420 ® ¢ prp™ (5.5)
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where h(¥ = g. We remark that 4(h® + dr?), 5(r® + dr?) + K@, L(R® +
dr?) +h® +r2h@ . and so on are smooth Riemannian metrics on M x I. We
shall consider a 1-parameter family of metrics in the general form h(t) = h,(t)

1

_ 0 2 21.(4 ni(n+2
h(t) = ph( () + 2D () + W (@) + . R
(5.6)
fulfilling the boundary condition for ¢ = 1:
RO mr = RO = g+ dr®,  hCH(#)|,=y = R®P, (5.7)

Aim 1. In the thesis we adopt the following strategy: we solve the problem modulo
o(r?*) for k € Ny, taking first 5 (h'”) +dr?) and solving for 5h(0(t) that satisfies
the Ricci flow equation

1 0nO(t) 1,
R —2ch(ﬁh( (1)), (5.8)
together with the boundary condition
Lo — L0 4@ 5.9
(5O E)mr = 5 (B 4 dr?), (59)

by direct computation. In the next step we take r%(h(o) +dr?) + h® and solve for
LhO(t) + WP (t) satisfying the Ricci flow equation

A(EhO(t) + A (¢ 1
(h ) ®) _ —2Ric(=hO(t) + hP(1)), (5.10)
ot r?
together with the boundary condition
1 1
(r—2h(0)(t) + h(2)(t))|t:1 - 7=_2(h(0) +dr?) + h®, (5.11)

by computation for this metric and so on. In particular we shall consider

a(29) (2s)
BC) (1) = <b§28) g)) g(f)i?)) (5.12)

for s € Ny, where a®)(t) is a function a®)(t,zy,... x,) = a®)(t), b (1) is

a wvector-valued function bEQS)(t,xl,...,xn) = bEQS) (t) and gi(;s)

valued function ggs)(t,:cl, cey Tp) = ggs)(t). In particular, this means that in
the first step, taking T%(h(o) + dr?), the boundary condition for hO(t) is set to
a9(1,2q,...,2,) =1, bgo)(l,xl, ey Ty)=0fori=1,....n andgg))(l,xl, ey X)) =
Gij (the initial metric) for 1,5 =1,...,n.

S

(t) is a matriz-

We remark that is not the most general form of solution of with
boundary condition , however it is the most general form that includes all
terms with nonzero boundary condition. Generally there may exist solutions of
(5.1) with terms of negative lower than —2 or odd powers of r. These terms

vanish at t = 1 by (j5.2).
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Next we will explain how we will calculate h(?*)(t) for s € Ny. We will only
discuss the calculation of h(®)(#). We consider the family of metrics h(¥)(t) given
by the Taylor series in t — 1

(t—1)
hO(t) = by + (t — DAY + 5 hip) + - (5.13)

where hEgg = hO(1) = hO 4 dr2.

We do the same for the Ricci curvature tensor Ric(h(t)) of the family of
metrics 20 (t)

t—1)2
Ric(h(o) () = Ric(y + (t— 1)RiC(1) + ( 9] ) Ricg) + ..., (5.14)

where Ric() = Ric(h(®(1)) = Ric(h(©).
In the following we will use Theorem [1§| to calculate partial derivatives of
h()(t) with respect to t. We will retain the notation from Theorem [18]

For the simplification of notation we will write a(®)(t) = a(t), bl(o) (t) = bi(t)
fori=1,...,n and gl(;))(t) =g;;(t) fori,5=1,...,n.

We will devote the rest of this chapter to the discussion of solutions of the
system (5.1). First, we will show that under a certain assumption a simple so-
lution exists with b; = 0 for ¢ = 1,...,n, and show that under more restrictive
conditions a unique solution exists for R™ equipped with euclidean metric. Sec-
ondly, we will show how to proceed in the case of a general initial Riemannian
manifold (M, h(?)

We shall refer to T%h(o) (t) simply as h to simplify our notation. Note that we
do not use r as a summation index.

5.2 Simplified case of the Ricci flow problem

The case of b; = 0 for all i = 1, ..., n substantially simplifies our calculations due
to the block-diagonal form of the metric (5.12)). The most general form of this
type of 1-parameter family of metrics is

1 fa O
h=—
7"2<0 g@-])’

a = a(t7 Liyeo- 73:71) = a(t)v ng = gij(t7$17 CIE axn) = gl](t)7 (515)

with

for a smooth and invertible function and g;; smooth, invertible as a matrix, with

its inverse )
h_l = ’r‘2 a_ 0
0 gv)’

where ¢¥ = (g;;)"!, fori,5=1,...,n.
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We begin by calculating the Christoffel symbols and components of the Rie-
mann curvature tensor of the metric h using (1.13)) and (1.14)),

F:r = _17 PI:T - _lgkp@’
r 27 Oz,
2a 0x; r
1
Uy = —9u Iy =T%5(9), (5.16)

fori,j =1,...,n, where Ffj (g) is the Christoffel symbol of the metric g.

1 ,0gri  Ogu
Rpip =0, Ry = ﬁ( o1, - (9_1:1 + gquZi(g) - ginZl(g))a
1 1 0% 1 Oa Oa da _,

Ryiir = —gii + — - — —TI"(g)), 5.17
ir = Jadi + 27“2(6:Ei8xj 2a 0x; 0x; Oz, i(9)) (5.17)

1 1
Rkijl = ﬁRkijl(g) —+ @(gijgkl — gkjgil),

for i,5 = 1,...,n, where Ry;;;(g) is the Riemann curvature tensor of the metric
qg.
The components of the Ricci curvature tensor of the metric h are equal to
Ricrr = hkerkrla
Ric,; = hkerkila
RiCij = hwRim’T + hklRikjl. (518)

fori,j=1,...,n.
Since b; = 0, the second equation implies
Ogri  Ogul

9, 0z, + 911 (9) — 9T (g) = 0. (5.19)

Once the equation is satisfied, we may set b; = 0 and solve the Ricci flow
equation (4.1)). The equation b; = 0 implies Ry,.; = 0 and so Ric,; = 0.

Using Theorem I8 we set up the Ricci flow equation. We calculate components
of the connection Laplacian of the Ricci tensor and the traces of the Ricci tensor

in formula (4.22]).
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0? 2
ARic,, = ( o ~— Ric, + - ar —Ric,, + ﬁRicw)
0? .0 0
+7’2gkk(axk Ric,, — 2FTk8 Ric,, — (@xk)Rch
0 0
—QF:k(a—Ricrr) 2(8 Ric,, + Rlcw)
Tk 0 0 I
—l—ag (gkk(a Ric,, + RIC,«T) +Fkka Ric,, — I, I}, Ric,),
ARic,; — 0,
. 0? 40 _. 2 .
ARic;; = (a 5 Rici; + aRICi‘j + ﬁRlCij)
0 . 0 ) 0 .
+T2gkk(8_szlCzj — (a—%rfk>R1ij — (8_x,§F§k)RIC’p
o _. 0 0
_cm(a_kalcpj) - F (&E Ric;p) — Fiz(a Ricy;)
0
_I‘Zl(a Ric;p) + ijfflecpq + kaFZkRIqu
Y T? Ric,, + [ T” Ri "9 Ric,; + 2Ri
0L Rice + T I I%HE(a_ icj + —Ricyy)
0
‘l‘ggkk(gkk(a Ric;; + Rlcw) + 17, Fq Ricg; + FﬁkFZjRiciq),
(5.20)
2
(Ric,_,Ric,_) = —(Ric,)?
a
(Ric,_,Ric;_) = 0,
(Ric;—, Ric;_) = r? klRickiRiclq,
(R,—,_,Ric__) = T4gklgqurkrpRiclq,
<RT_Z'_,R,1C__> = 0,
4
(Ri_j_,Ric__) = %RiTericw + 1t M gPI Ry Ricy,, (5.21)
fori,j=1,...,n

We consider h(t) and Ric(h(t)) as a Taylor series in ¢t — 1 as in and
(5.14)). The Ricci flow equation is given by . The coefficients of the power
series for the Ricci curvature tensor Ric(h(t)) are given by Ric(j) = 1, 86; Ric(h(t))
and can be calculated by Theorem . We have already calculated RIC(O in ( -

We will only discuss calculation of Ric(y).
By Theorem [I§ we have
Ricqy,» = A(Ric,,) — 2(Ric,—, Ric,—) + 2(R,_,_, Ric__),
Ric(l),ri = 0,
Ric(l),ij = A(Rlcw) — 2<RiCi,, RiCj7> + 2<RZ‘7‘7’7, RiC,,>, (522)
where by Ric we mean Ric(y = Ric(h(1)). The traces are taken with respect to
the metric h).
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We can calculate Ric(g) from Ric(;) again by using Theorem .

Next we will show the particular example of a solution in the case when the
initial manifold (M, g) is the euclidean space equipped with euclidean metric.
By imposing certain restrictions we obtain a unique solution of the Ricci flow
problem.

Assuming a and g;; to be independent of the variables x1,...,z,, all partial
derivatives % and 65? are trivial. This means that a and g,;; are constant.

Respecting the boundary condition we will assume that @ = 1 and g¢;; = 0;;.
We remark that the equation (5.19)) is obviously satisfied in the case when M
is the euclidean space equipped with euclidean metric. In this case the system
simplifies as follows:

Rrrir = 07 eril :()7

1 1
R.ij = ﬁ@j, Riji = ﬁ((sjkfsil — 0irdj1), (5.23)
Ric,., =t Ric,; =0, Ric; = —ﬁéij. (5.24)
ARic,, = 0,
ARiCm' = 0,
2
(Ric,_, Ric,_) = %7
(Ric,—, Ric;=) = 0,
2
<RiCZ’_, RiCj_> = %(Sij,
2
. n
<Rr—r—a RIC__> - ﬁv
<Rr—i—a R,iC__> = 0,
2
. n
<Ri,]’,, R,IC,,> = E(ZJ (526)

By Theorem 18] and equations (5.25)), (5.26) we have 2Ric(h(t)) = 0. This

means that the Ricci flow equation is given in component expansion by

lg (t) — 2_n
r2 815& 27
10
ﬁ@bi(ﬂ = 0,
1 0t 2n
ﬁagij@) = T_géija (5.27)
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fori,j =1,...n, where a and g;; are constant. The unique solution with respect
to the boundary condition ([5.7]) is

a(t) = 2n(t—1)+1,
bi(t) = 0,
gi;(t) = (2n(t —1) +1)d;;). (5.28)

We note that this metric degenerates at the time t =1 — % This means that
this solution never flows from ¢t = 0 to t = 1. We may however consider
for example in dimension n equal to 3 a solution that flows to A(1) in time ;5.
We can obtain such a solution by evaluating h(t) at t = % We remark that this
can be seen also from the fact that in this particular case the initial manifold
(M x I,h(1)) may be viewed as the Poincaré half-plane model. This space is
Einstein with Einstein constant equal to —n. The solution of Ricci flow is simple
in this case as we have seen in the example .

We finish this section by concluding that in the euclidean case h(®*) = 0 for
all k € Nin (5.5)) , so (5.28)) is a solution to the Poincaré-Einstein problem in the

euclidean case.

5.3 General case o(1) of the Ricci flow problem

In the general case, we take
1 fa b
h=— ! 5.29
72 (bi gij) ’ (5:29)

a=at,xy,...,z,) =a(t), b =bi(t,zy,...,x,) = bi(t),
9ij = 9i(t, 21, Tn) = gi5(1).

fori,7=1,...,n.
The inverse metric is given by
_ r? 1 —A"1
ht= Z <_bTA—1 EA-L +A‘1bbTA_1> ) (5.30)

where A = (g;;), A~" = (g"), b= b;, b" is the transpose of b (as a row vector)
and k = a — bT A='b. To simplify our notation, we will write components of the
inverse metric as

9 ~ .
1T 1 ™\ o5

where in particular A" = ¢/, and ¥ = kg¥ + g"bg7*by,.
For further simplification, we set
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cr o=

fori,j=1,...,n.

061 8[)] _ %

dxj  Ox; r’ (5.32)
G+ = )

G = )

B’“m(ébm + %),

ﬁrm(ébm + %),

Based on this notation, the Christoffel symbols T'¥; = T'%;(h) for the metric h

are given by
[y
I‘\k
I
rk
k

fori,j=1,...,n.

- =

- ﬂ(aﬂﬁz

1,

1 2a

—(—+C"), 5.33
(G +0) (5.3)
_1 2a ~

ok T
1 Oa

- BrmAzm) )

1 ~,.0a -
— hrk_ hkmAzm
2k ( Ox; " )

1 T
- ﬁ(Aij + Bij)v

1 Ir

We proceed directly to calculate the equations for partial derivatives of h
using the formula ([1.14)) for Riemann curvature. The components of the Riemann
curvature tensor R;;r = R;ji(h) for the metric h are given by

1.1 0%

6
Rirrj = + —

§<r_2 O0x;0x; 7’4gij + ﬁ(ﬁxj

2 Ob, b
)

4;}52 [—(%a +C")(Ayj + BY) — (5—2 + BrmAjm)(g—; + R Ay
4;)2]9]%2 [—(27a +C) (WP Ay + BY) ~ (g—; + Ay (R gz
v+ onya, 4By - o
R Ay )(88; I A+ 455;}2 [—(271;% +C7)(h"" Ay + BY)

_(ﬁrp@ + fmeAmj)(iqug_a + quAmi)]y

Lj

Z;

(5.34)
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Rr'/‘ir =

Rmrik

Rrijr =

O ) ony 2 oy 2
P A )] + ;fp[ ('™ gxl +hpm14m)<2“+cr) +( 20t
O (G T A + (7 2L oA h;"“
40+ (4 O S A
(5.35)
1,1, 0% 02by, 2 09mi  OGmi

§(r_2(8xk8$m B 8£Bm0$i) r3 oxy, ox; )

a ,0a +, Ja -,
~ A (A B')— (— "A) (A, + B
+47”2k2[(315z +h ll)( mk T mk) (axk +h lk)( mi + mz)]
b, . Oa . da -, ~
~ h” AL (WPA B —(=— 4+ h"A;)(RPA,,;
+4T2k2[<833z lz)( mk + ) (&L‘ + lk)( mi
by da da
D rp Ip r rp 7
+BP )]+ 4r2k2[(h R + B ALY (A + Bly) — (R Er
71 ) T gpq T da l 7T q
R ) (A + Bri) + 00 [(hP=— 52 I Ay) (W9 Ay, + BE,)
(7 0 R A (R A+ B
T
(5.36)
l(g ,,+z((%i+abﬂ')+i 5%a )
2 7’4“% Ox; Oz, r? 0x;0x;
(2 o)Ay + Bl — (22 A (2 )
4r2]~{2 r " “ 813] ox;
bp 2(1 g p 8 g l g aCL
_ r T A Bp = TA' rp
ol O™ Ay + BE) = (5 + WA (B 5
- b 2h"Pq da
hPLA, P_[_ PY(A.. + BT hrp
HRMA)] + (5 O (A + B - (g
~ da - g 2h"Pq ~
l rl Pq r
+hPAj,)(axi + h"Au)] + = [—( . +CP)(h" Ay
Oa Oa
Bq rp ~ lpA rq " lqA
+ z) (h (930] h ]l)(h (9202 h ll)]
(5.37)
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1 329@‘ aQka 329¢k a29mj

R = = - -
ik 2r2 (G:Ekaxm Ox;0x; 0x,0xr; Ox;0xy
a T T T T
+m[(f4ij + Bj)(Amk + Brg) — (A + Bjy.) (Amj + Bl
b ~ -
+—=[(Aij + B (W7 Apur, + Byy) — (Ai + Biy ) (W7 A + By
4r2k?
b - -
+——[(W"P Ay + BY)(Ami + By) — (WP A + BY,) (A + Byj)]
4r2k2
I (P Ay + BEY (R Ay, + BY,) — (R Ay + B2 (79 A
4r2k? ! " ’
+B)]-
(5.38)
Components of the Ricci curvature tensor are given by
Ricrr - TQEklRTk'rlu
1 -
Ricm' = TQ(ERTTZ"I‘ + hkerkil)7
1 -
RiCij = Tz(aRiTﬂ‘ + hklRikﬂ). (539)

Next we use Theorem [18|to set up the Ricci flow equation.
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ARic,.,

r? 02 0 0
- I )Ric,, — 27 (—
k (8 (ar TT)RIC”’?" rr(a?n

0
—2I'* —Ric,, + 4(T7,)*Ric,, + 4T, T Ric,,

rr @ rr—rr

-|—2F§ZTF:TR1CW + 2I'¢, 2, Ricgy + 212, T Ricy, 4 217, I'7, Ricy,)
r ~kk a .
+?h (WRICM -2

_2(_ka)RiCrp — 217 (

Ric,)

5 Ric,, —

o 0
(a—xkrrk)RICm« 2Frka lecrr

o . 0
a—kaICTp> 2Frka lecrr

%)
a—Ricrp) + 4(T7,)*Ric,, + 47, TP Ric,,

+2I7, 7 Ric,, + 217, T, Ricy, + 27,17, Ric,.,
+2I'%, T Ric,,

_2F$k<

)
_%(F:T(EREM — 2T, Ric,, — 2T, Ric,,)
)
+I"? (z—Ric,, — 2I7 Ric,, — 2I'? Ric,,))

Oz,

2. )
—%hkk(F;k(—RicM — 2I' Ric,, — 2I' Ric,,)

or
a 1 T : .
+Fik(0_:EpRICM — 2I Ric,, — 2I'¢ Ricg,)),

(5.40)
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ARic,; %( aa ——Ric,; — (%F;T)Ricm - 68 Ric,;
—%F:iRicw v aa Ric,, — (%Fﬁi)Ricrp g, —Ric,,
= aa Ric,, — I'P, aa Ric,, — 17, aa Ric,, — I'?, o —Ric,,

+(I'")?Ric,; + 2 I Ricy; + 7, T Ric,, + I T2 Ric,,
+I7.I7 Ric,p + 1Y Ricg, + IVI7 Ric,, + T1,IY Ricy,)
+Zﬁkk(; sRic.i — (%FZT)REM -1, aalecm
(T Ricy — T, o Ricy — (T, Ric,
I 88 Ric,, — (%Fii)mcm . 88 Ric,,
_F:kaikaicM - I 88 Ricy, — 1, aak Ric,.,
=y aa Ric,, + (I, )?Ric,; + [T I Ric,; + [T I Ric,,

+Ty, TRic, + 7, Ty, Ricy; + Y T Ricg; + T T, Ricy,
+Fkrl"zl.Rlcpq + I, Ricy, + Tki'TY, Ric,, + Tki'T, Ric,.,
I7.T? Ricy, + T2,T7 Ricy, + I7,1% Ricy, + I%,T% Ricy,
+Fp I} Ricy)
0

_? (F:T(ERiCM — Il Ric,; — I'? Ric,; — I, Ric,,, — . Ric,,)

J . — : , :
+I? (5—Ric,; — I, Ric,; — I Ricy; — I Ry — T8 Ricyg))

(G
r? T kk (T 0 . N . - P -
- h (Fkk(a—Rlcri —I'7, Ric,; — I'? Ric,; — I'],Ric,,, — I'7;Ricy,)
r

o _. R . S .
——Ric,; — I') Ric,; — I'] Ricg; — I';Ric,, — qun-Rler)),

p

(5.41)
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2 2
ARiCZ’j = %(a—RIC” — (QF:Z)RICT] — F:Z§RICW — (grp.)Riij

or? or or "
o . o 0 0 ,
o 0 o 0
0
+F:iFijich + Ffif:pRicrj + Ffifngicqj + FfiFZ:jRicpT
—{—FfifijiCpq + F:jF:iRicrr + F:]T fiRicpr + F:jF:rRic,-T
+I.T%, Ricyg)
P2 0% o . Lo
+thk(0_x,2€R1Cij - (a—xkai)Rlcrj - sz‘aRlCm‘
0 . 0 . 0 5
_(T%Fii)Rlcm + Fiia_ﬂRlcpj - (a_xkrkj)Rlcir
—TI iRic- — (if‘p JRic;, — I'h . —Ric;
0w NOwy M gy
. o . L0
_I‘kia—lecrj - Fﬁia—kalcm - ija_kam”
0
_Fija—kaiCip + F};iF};rRic,,j + F’,;iFirRicpj + F};iF};jRicM

+T3, %, Ricy, + TRTy Ric; + T Ricg; + T, T Ricy,
+T%.T% Ricyy + T}, TRic,, + Ij T Ric,, + T, T, Ric;,
+T3, T Ricig + T%, T Ricy, + T2 T4 Ric,, + T2 T} Ric,,

+I%, T Ricyg)
TQ r 9 : TR P R: T
—|—? (Frr(gR‘lcij — F”-RICTJ' — FMRIij — FrjRir
0
—FijICZp) + FI;T(—RICZ] - F;iRiCTj - FZiRiqu

Oz,
—F;] RiCir - FZ] RiCiq ))

2_ 0
+%hk’f (Tj4(=Ric;; — I;Ric,; — T Ric,; — I Ric;,

or
0
_FZJRICzq) + Fik(a?RICZ] — F;iRiCm’ — FZiR’inH
p
—I Ric;, — [ Ricy))), (5.42)
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(Ric,_,Ric,_) = —=((Ricy)? + 2" Ric,,Ric,; + h7Ric.Ric,;),

r
k
2 ~ . ~ -
(Ric,_, Ric,_) = %(RicwRicM + W Ric, Ricyj + AT Ric,;Ricy: +
;LklRiCTk RiCli) s
2

.

—(

<RiCi,, RiCj,> = A RiCMRiCr]’ + ierRiCriRiij + ;erRiCkiRier

+BklRiCkiRiClj),
(Ry_y_,Ric__) = — (28" RypriRicyr + 207 R Rysny Ricy; + 1Y RygpiRicy,
k2

‘l‘iLriiLkerr’rkRiCli + iLTiiLkerirkRiCrl + EklﬁqurkrpRiClq)’

744

<Rr—i—a RiC__> = E(RT’FZ‘TR‘iCT‘T + 2ﬁrerrirRiCrk + iLTkRTTi’CR'iCTT
+iLTerkirRicrr + ﬁrkﬁrerkilRiCrr + BrkﬁrerrikRiCrl
+ierﬁrerkirRiCrl + }NlrkhrerrirRiCkl + EkerkirRiClr
+hM R,k Ricy + BPR™ R, i Ric, + hPUR™ R, Ricg:
+hPRE R, Ricy, + RPIAYR,,Ricyq),

4 ~ ~

<Ri—j—a RiC__> - %(RireriCrr + hrkRikeriCrr + hrkRirijiCrr
+2}~lrkRim‘TRiCrk + }NlrkhrlRikﬂRiCM + }NlrkilrlRirijiCrl
+ilrkilrlRikeriCrl + iLrliLrlRireriCkl + ilklRiijRiCrl
+]:1kllfii7‘ijiCrl + qu;irk.@iperiqu + ﬁpthk@ipijich
+hPh"E Ry Ricg, + RPUR™ Ry Ric,, + RMRPIR,, ;1 Ricy).

(5.43)

We proceed exactly as in the 5.2l We again consider h(t) and Ric(h(t)) as

Taylor series in t — 1 as in (5.13) and (5.14)).
The Ricci flow equation is given by (5.1)).

The coefficients of the Taylor series equation can be calculated from Ric;) =

%%Ric(h(t)) and from Theorem . We will again only show calculation of the

linear coefficients Ric(;) of the Ricci flow equation in power series in ¢.

By Theorem [I8 we have

Ricqy,» = A(Ric,,) — 2(Ric,—, Ric,—) + 2(R,_,_, Ric__),
Ricqy,» = A(Ricy) — 2(Ric,—, Ric;—) + 2(R,_,—, Ric__),
RiC(l)’ij = A(RICM) — 2<RiCZ',, RiCj7> + 2<Ri7j7, RiC,,>, (544)

where Ric means Ric() and the traces are taken with respect to h).
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5.4 Reduced system for general case o(1) of Ricci
flow problem

The Ricci flow equation written in terms of Theorem depends on the Rie-
mann curvature tensor and Ricci curvature tensor of the metric h. By imposing
restrictions on the solution of the Ricci flow equation, we simplify the formulas
for the Riemann curvature tensor and Ricci curvature tensor of h. This leads to
a simplification of the Ricci flow equation.

We assume that 2™ = 0 for i = 1,...,n. This leads to h = k¢* and
to C" =0, Bf; = 0 fori,j = 1,...,n. Also C¥ = kg*™2~ and 1" = 0 for

¢t = 1,...,n implies k = a. The Riemann curvature tensor of the metric h
reduces to
1,1 9% 6 2, 0b; ob;
Rirj = (55— +—gij + =(=— !
J 2(7’2 0z;0x; + 19 + 7“3(896]- + axz>)
1 [2(1 n da 8a]
dr2qtr Y Oz Ox;
g ., Oa "
—#(gp %ij +ag pAmjglqui>7 (5.45)
Ypq m aa l m aa’ [
RTTiT: P _in_ 1 pAiy 5.46
dar? (g axmg g axmg i) (5.46)
1.1, 0%, 9%b 2 00mi  O0m
Rorit = (= — ook g S Smky)
212 02,0, O0T;,0%; 3 Oxy, ox;
1, 0Oa da g
—— (5 Amk — 73— Ami) + = (g AuBL,, — g A B,
+4r2a(8xi F Oz, )+ 4ar? (7 A By, = 97 A Bry).
(5.47)
1,6 2, 0b; ob; 1 0%
Riijr = =(59j+=(m—+=2)+ =
J 2(r4g]+r3(3xj +8xi>+r2 (91:1-(930]-)
1 <2a da 8a)
dr2q v Y Ony Oz,
19)
—ﬂ(gpm—anj + ag” A g™ A i), (5.48)

4r2q

0T,

1 D%gy 0% G *gir 0% Gmj

Rmi' = 5 — _
1
+47,2a (AijAmk - AzkAm])
9
+47422m;2 (BB — BitBrj)- (5.49)
fori,7=1,...,n.
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The Ricci curvature tensor is given by

RiCmn = Tzﬁkerkrla
1 -

Ricri = Tz(_Rrrir + hkerkil)a
a
1 ~

RiCZ’j - TQ(—RZ'TJ‘T + hklRikjl), (55())
a

fori,j=1,...,n.

We will consider the particular case when the initial manifold (M, g) is the eu-
clidean space with euclidean metric. We obtain a unique solution by imposing
additional conditions on the solution.

Let us assume that a, b; and g;; are independent of the variables z1, ..., z,.

Then all partial derivatives 22 i and 2%

o’ Do Do for 4,7,k =1,...,n are trivial. This
means that a, b;, g;; are constant for 7,5 = 1,...,n. Respecting the boundary
condition ([5.7) we will assume that a =1, b; =0 and ¢;; = 0;; fori,j =1,...,n.
This already implies " = ¢**b, = 0 for i = 1,...,n, k = 1 and h¥ = ¢ for
t,7 =1,...,n. Then the components of the Riemann curvature for the metric A
reduce

Rrrir = 07 eril 207

1 1
Ruyjr = vy Rijr = ﬁ((sjkéil — 0ixdjt), (5.51)

fori,j=1,...,n.
Components of the Ricci curvature tensor for the metric h are equal to

RiCrr Ricm- = 0, RiCij = __5ij7 (552)

r2’ r2

fori,j=1,...,n.
We finish this section by remarking that the Ricci flow equation is exactly the
same as in Section , so the solutions coincide. The solution of (5.1) is given

by (6:25)

5.5 Another possibility for the Ricci flow prob-
lem

Let (M, g) be a Riemannian manifold, and consider the Poincaré-Einstein metric
hy of (M, g) on M x I such that the obstruction tensor O is zero. We will again
label the coordinate on I by 7.

We may now consider the same setting as for the Ricci flow problem formu-
lated in previous sections, with one exception that the flow coordinate ¢ is not an
additional one but is given by r. This means that when reversing the Ricci flow
problem, we ask for a symmetric (2,0) tensor T;; such that

0

Ehr(r, X1,y xy) =T(r,me, ... xy), (5.53)
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where h, is a part of the formal power series of the Poincaré-Einstein metric ([2.16|)
hy = hO 4 2h@ ¢ ppmp™ (5.54)

Calculating the partial derivative of h, with respect to r, we get
Ty =2rh + 4r°h) + .+ R+ (5.55)

In particular, hz(-?) = —P,; (see, (2.16)). We consider the 1-parameter family of
metrics h(t) on M with ¢ = r. Then the tensor T;; defines a geometrical flow by
the equation

0h,~j
ot
Following ((1.22), we may view P;; as the Ricci tensor multiplied by a constant

with a correction term. In this way, the flow (5.56) may be viewed as prescribing
the Ricci flow with specific correction terms and multiplied by a constant.

=T (5.56)
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Conclusion

In the thesis we formulated and in certain case found the Ricci flow problem for
the ambient and the Poincaré-Einstein metric construction. Since the solution is
given by approximations up to some order in terms of the transversal coordinate
to the base manifold M, we discuss only the first order approximation to the the
actual solution. Let us briefly summarize the main achievements in our thesis. In
section 5.2, we introduce a simplified version of the general system of equations
equivalent to the Ricci flow problem, suppressing one of the components of the
metric. However, due to suppressing one of the metric components the solution
is valid only for initial metrics satisfying certain condition on the Christoffel sym-
bols. In particular, our result holds for the euclidean space and provides a unique
solution. In the next section, we provide a general system of differential equations
for any initial metric. In section 5.4, we investigate a system of equations that is
valid for any initial metric, but is already simplified by assuming some property
of the solution. After imposing an extra condition, we arrive at the same unique
solution as in the simplified case that is valid for the euclidean space.
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